A topological group G is sequentially complete if it is sequentially closed in any other topological group. We show that for a Tychonoff space X, the free topological group F (X) is sequentially complete iff the free Abelian topological group A(X) is sequentially complete iff X is sequentially closed in βX. Furthermore, the free precompact Abelian group F (X, PA) is sequentially complete iff the space X is sequentially closed in βX. We consider also other forms of weak completeness, namely ω-completeness and k-completeness, introduced analogously by means of the ω-closure and the k-closure. We prove that the groups A(X) and F (X) are ω-complete (k-complete) iff X is ω-closed (k-closed) in the Dieudonné completion µX of X. 
Introduction
The following well-known facts proved by Graev introduce us to one of the main objectives of this paper. As usual, we denote by F (X) and A(X) the free topological group and the free Abelian topological group on a Tychonoff space X, respectively. 
(X, Y ) of the group F (Y ). Similarly, X generates a closed subgroup A(X, Y ) of the group A(Y ).
It is clear that for the class P of Tychonoff spaces, the compact spaces are precisely the P-closed ones. In the category T G of topological groups, the T G-closed groups are the complete groups. Then (a) can be described briefly by saying that the functors F (-) and A(-) of taking the free (Abelian) topological group transform the property of being P-closed to T G-closed, while (b) reports a similar property from a "local" or "relative" point of view.
In this paper "complete" will be weakened in several ways (see Preliminaries for the explanation of the terms sequentially closed, ω-closed, k-closed, and b-closed):
Definition 1.2. A topological group G with Raȋkov completion G is: (i) sequentially complete if G is sequentially closed in G; (ii) ω-complete if G is ω-closed in G; (iii) k-complete if G k-closed in G; (iv) b-complete if G is b-closed in G.
Clearly, the following implications are valid in the category of topological groups:
complete ⇒ b-complete ⇒ k-complete ⇒ sequentially complete, complete ⇒ ω-complete ⇒ sequentially complete.
In fact, b-completeness and k-completeness coincide for topological groups (Proposition 3.11), but none of the other implications is invertible (see Examples 4.14 and 3.14). In addition, k-completeness and ω-completeness are mutually independent (Examples 3.15 and 3.16), and their conjunction does not imply completeness (Example 3.14).
The question of completeness of the free topological groups, opened by the classical Graev's result (see Fact 1.1(a)), turned out to be one of the hardest problems in the field. The second named author proved that the free Abelian topological group A(X) is complete iff the space X is Dieudonné-complete [32] . Uspenskiǐ [38] established completeness of F (X) for every metrizable space X. As far as the authors know, there is no universally accepted proof in the general case. The proof given by Sipacheva [29] still needs a verification. Weak completeness of the free (Abelian) topological groups in the sense of Definition 1.2 will be the main topic of the paper. We prove in Theorem 3.6 that the groups A(X) and F (X) are ω-complete iff X is ω-closed in its Dieudonné-completion µX. In particular, A(X) and F (X) are ω-complete if the space X is either Dieudonné-complete or ω-bounded (cf. Corollary 3.7). A similar result remains valid for k-completeness: the groups A(X) and F (X) are k-complete iff X is k-closed in µX (Theorem 3.12). Particular emphasis in this paper is given on sequentially complete groups. A group G is sequentially complete iff every Cauchy sequence in G converges. Hence countably compact groups are sequentially complete. Note that a Tychonoff space X which is sequentially closed in any other Tychonoff space is countably compact [16] , i.e., the countably compact spaces are the sequential counterpart of the compact spaces. Thus, item (a) of Fact 1.1 suggests the question: Is the group F (X) sequentially complete for a countably compact Tychonoff space X? We answer positively this question (Corollary 4.10) . This result follows from the characterization of the spaces X such that the free topological group F (X) is sequentially complete: these are the spaces X that are sequentially closed in their Stone-Čech compactification βX (Theorem 4.13).
Theorem 4.13 follows from a more precise result that leads us to considering the following general problem in the line of Fact 1.1(b). Let X be a subspace of Y and suppose that P(X, Y ) is a topological property which describes how X is placed in Y .
It is natural to ask whether P(X, Y ) always implies P(F (X, Y ), F (Y )), where F (X, Y ) is the subgroup of F (Y ) generated by X.
Here we give the positive answer to this question for both ω-closedness and sequential closedness. In the first case the argument is quite simple, while the second one requires some work (see Theorem 4.1). We also show in Section 3 that similar results are valid for b-closedness and k-closedness (the latter requires the additional assumption that Y be a µ-space). It is worth mentioning that a k-closed subgroup of a topological group G need not be b-closed in G (see Example 3.13) .
The proof of Theorem 4.1 is based on a precise description of the relationship between functionally bounded and precompact sets in free topological groups that we give in Section 2. Namely, we show in Theorem 2.5 that functionally bounded and precompact subsets of free (Abelian) topological groups coincide, thus finishing the work started in [30] .
Sequential completeness of the free precompact Abelian groups is dealt with in Section 5. We prove that the free precompact Abelian group F (X, PA) on a space X is sequentially complete iff X is sequentially closed in its Stone-Čech compactification βX (Theorem 5.1). This sounds almost exactly like Theorem 4.13, but the proof of this result is very different and, in fact, heavily depends on Theorem 4.13.
The investigation of sequentially complete topological groups in a general situation has been started in [7, 8] . In [7] we study sequentially complete minimal groups (a topological group G is minimal if every continuous isomorphism f : G → H to a Hausdorff group H is open). These groups have a completely different nature, since free topological groups are never minimal [19] . We prove in [7] that the minimal sequentially complete connected Abelian groups of non Ulam-measurable size are compact. In [8] we investigate in detail the fairly complicated behaviour of sequential completeness under taking quotient groups.
Preliminaries
Throughout this paper all spaces are assumed to be Tychonoff. A subset B of a space X is functionally bounded in X if every continuous real-valued function defined on X is bounded on B. We say that a subset
A space X is ω-bounded if the closure of every countable subset of X is compact. The Stone-Čech compactification of X is denoted by βX.
A space X is Dieudonné-complete if X is homeomorphic to a closed subspace of a product of metrizable spaces. This is equivalent to saying that X admits a complete uniform structure compatible with the topology of X [12, 8.5.13] . The Dieudonné-completion µX of a space X is the maximal subspace of the Stone-Čech compactification βX containing X and having the property that every continuous function f : X → M to an arbitrary metrizable space M can be extended to a continuous functionf : µX → M. In particular, X is Dieudonné-complete iff µX = X. On the other hand, µX coincides with βX iff X is pseudocompact. Clearly, the closure of every functionally bounded subset of X in µX is compact. More generally, X is called a µ-space if the closure of every functionally bounded subset of X is compact. In particular, all Dieudonné-complete spaces are µ-spaces.
We recall here some compactness-like conditions in a topological group G. A group G is precompact if it can be covered by finitely many translates of any neighborhood of the identity, pseudocompact if every continuous real-valued function on G is bounded, ω-bounded if it is ω-bounded as a topological space (a group G is ω-bounded precisely when all closed separable subgroups of G are compact). Clearly, ω-boundedness implies countable compactness, countable compactness implies pseudocompactness, and pseudocompact groups are precompact [4] . A subset B of a topological group G is precompact (or totally bounded) if for every neighborhood U of the identity in G there exists a finite subset F of G such that B ⊆ F U ∩ UF .
Completeness of topological groups is intended with respect to the two-sided uniformity, so that every topological group G has the (Raȋkov) completion which we denote by G.
We use X for the subgroup generated by a subset X of a group G. If X is a space, F (X) and A(X) are the free topological group and the free Abelian topological group on X, respectively. If X is a subset of a space Y , F (X, Y ) will denote the subgroup X of F (Y ). The same applies to the subgroup A(X, Y ) of A(Y ) generated by X.
Pestov [25] and Nummela [23] proved independently that the group F (X) is topologically isomorphic to the subgroup F (X, βX) of the group F (βX) iff the space X is pseudocompact. This remains true in the Abelian case too. In fact, the main result of [25, 23] is considerably more general. Following Uspenskiǐ [38] , we say that a subspace X of a space Y is P -embedded in Y if every bounded continuous pseudometric on X can be extended to a continuous pseudometric over Y . Clearly, X is always P -embedded in µX, and if X is pseudocompact, then it is P -embedded in βX = µX. Fact 1.3 [25, 23] . For a dense subspace X of a space Y , the following are equivalent: i+1 such that x i = x i+1 and ε i · ε i+1 = −1. Otherwise the element g is called irreducible and we say that the length of g equals to n: l(g) = n. This permits us to define the sets
where n ∈ N + . We also put F 0 (Y ) = {e}, where e is the identity of F (Y ) (the empty word). The support of an irreducible element g = x
One defines A n (X), supp(g) and supp(K) for a subset K of the free Abelian group A(X) in a similar way.
For a subspace X of Y and n ∈ N + , we use the abbreviation F n (X, Y ) for the subspace
We denote by N + the sets of positive integers, by Z the integers, by Q the rationals, by R the reals, by I the closed unit interval [0, 1], and by T the unit circle group in the complex plane C. The cardinality of continuum 2 ω will be denoted also by c.
Precompactness and functional boundedness in free topological groups
Here we clarify the relationship between precompact and functionally bounded subsets of free topological groups that will be used in Section 4 for the study of sequential completeness of these groups. One of the implications is always valid: Lemma 2.1 [30, Statement A] . Functional boundedness implies precompactness in arbitrary topological groups.
In contrast with Lemma 2.1, one can easily see that precompact subsets of topological groups need not be functionally bounded. An example to this effect is a precompact topological group that is not pseudocompact (e.g., any countably infinite precompact group). We show in Theorem 2.5 that this is not the case for free topological groups.
We say that X is a k ω -space if X = n∈ω K n for an increasing sequence {K n : n ∈ ω} of compact subsets of X that generates the topology of X, i.e., a subset U ⊆ X is open in X iff U ∩ K n is open in K n for every n ∈ ω. The representation X = n∈ω K n is said to be a k ω -decomposition of X [14] .
In what follows we use G(X) to denote either F (X) or A(X). The subgroup of G(X) generated by a subset Y ⊆ X is denoted by G (Y, X) . The symbols G n (X) and G n (Y, X) do not require explanations.
The result below is well known (see [22] ):
We give the proof of the following folklore lemma for the sake of completeness.
Lemma 2.3. Let S be a countable subset of a space X. Then:
Proof. We prove only (b) here. Since S is not functionally bounded in X, there exists an infinite discrete family γ of open sets in X such that U ∩ S = ∅ for each U ∈ γ . We can always find an infinite subfamily {U n : n ∈ ω} of distinct elements of γ and enumerate S = {y n : n ∈ ω} in such a way that y 2n ∈ U n for each n ∈ ω. Now we define by induction a sequence {f n : n ∈ ω} of continuous real-valued functions on X satisfying the following conditions for all n ∈ ω, where g k
The sum n∈ω f 2n+1 is a continuous function on X because of (a), and the sum n∈ω f 2n is continuous in view of (b) and the choice of the family γ . Therefore, the function f = n∈ω f n is also continuous. It follows from (d), (a) and (
The following result refines Lemma 9.1 of [17] . In the special case where K is a functionally bounded subset of the free Abelian group topological A(X), the conclusion of Lemma 2.4 can also be derived from [1, Proposition 2(a)]. Compact subsets of the groups A(X) and F (X) were considered in [13] .
Proof. Let K be a precompact subset of G(X), and suppose that Y = supp(K) is not functionally bounded in X. Since functional boundedness of the set Y is determined by its countable subsets, we can assume without loss of generality that both K and Y are countable. By (b) of Lemma 2.3, we can define a continuous function f :
This immediately implies that L ⊆ C n for some n ∈ ω. Indeed, otherwise we can choose a sequence S = {g n :
which contradicts unboundedness of Z in R. This proves that Y is functionally bounded in X. Finally, since L ⊆ C n ⊆ G n (R) and the restriction of f to Y is one-to-one, we infer that (
Proof. The implications (1) ⇒ (2) and (2) ⇒ (3) follow from Lemmas 2.1 and 2.4, respectively. Let us show that
, where e is the identity of G(X). In its turn,
Proof. By Lemma 2.4, supp(K) is functionally bounded in X and in G(X), so the conclusion follows from Lemma 2.1. ✷
ω-completeness and k-completeness
The main purpose of this section is to show that several "relative" topological properties such as ω-, b-, and k-closedness are preserved when passing to free (Abelian) topological groups. It will be proved in the next section that the same remains valid for sequential closedness (Theorem 4.1).
As in Section 2, G(X) will denote the free topological group F (X) or the free Abelian topological group A(X) on a space X.
To study ω-completeness of free topological groups, we need some definitions and a couple of lemmas. Let X be a subset of a space Y . We define the cardinal number b(X, Y ) as the minimal cardinal τ ℵ 0 such that every locally finite family γ of open sets in Y such that U ∩ X = ∅ for each U ∈ γ has cardinality less than or equal to τ . It is clear that every Lindelöf as well as separable subset X of Y satisfies b(X, Y ) ℵ 0 . Finally, a subset A of a topological group G is called τ -bounded if for every neighborhood U of the identity e in G there exists a set K ⊆ G with |K| τ such that A ⊆ K · U ∩ U · K. It was proved in [18] that a topological group is ℵ 0 -bounded iff it admits an embedding as a subgroup into a direct product of second countable groups. The reader should carefully distinguish "ℵ 0 -bounded" from "ω-bounded" (the latter means that all closed separable subsets are compact). The term ℵ 0 -bounded will be used only in this section. The lemma below generalizes Theorem 1 of [18] .
Lemma 3.2. If a subset X of a topological group
Proof. (1) We show first that X is τ -bounded in G. Suppose not, and choose a neighborhood U of the identity e in G such that X \ U · K = ∅ for every K ⊆ G with |K| τ . Define by induction a sequence {x α : α < τ + } ⊆ X such that x α / ∈ x β U whenever β < α. Let V be an open symmetric neighborhood of e in G with V 4 ⊆ U . Then the family γ = {x α V : α < τ + } of open sets in G is discrete because for every x ∈ G, the set xV intersects at most one element of the family γ . This contradicts the assumption b(X, G) τ .
(2) The second step of the proof is to show that the product of two τ -bounded subsets of G is τ -bounded in G. Let A and B be τ -bounded sets in G and U be a neighborhood of e in G. Choose an open neighborhood V of e in G with V 2 ⊆ U and a subset L of G with
Choose y ∈ L such that b ∈ yV . Then there exists x ∈ K y such that a ∈ xW y . Therefore, we have
To finish the proof, note that by (1), the set Y = X ∪ X −1 is τ -bounded in G and then apply (2) to show that the sets
The following result slightly generalizes Theorem 2 of [38] .
Then the groups F (X, Y ) and F (X, Z) are topologically isomorphic.

Proof. Clearly, there exists a continuous isomorphism j : F (X, Y ) → F (X, Z) whose restriction to X coincides with id
Hence the group F (X, Y ) can be embedded into a direct product of second countable topological groups or, equivalently, the topology of F (X, Y ) is generated by continuous homomorphisms to second countable groups. It suffices to show, therefore, that for every continuous homomorphism h : F (X, Y ) → H onto a second countable group H there exists a continuous homomorphism ϕ :
Since the group H is metrizable, there exists a bounded continuous norm N on H that generates the topology of H . For x, y ∈ X, put
Then X is a bounded continuous pseudometric on X. 
Since A is a closed subspace of the metric spaces Z 0 and B, Theorem 1 of [38] implies that each of the groups F ( A, B) and F ( A, Z 0 ) is topologically isomorphic to the free topological group F ( A). More precisely, the natural embeddings of A to the spaces B and Z 0 admit the extensions to topological isomorphisms i B : (a) the free topological group F (X) is ω-complete;
Proof. We will prove only the equivalence of (a) and (c) of the theorem; the Abelian case is even simpler (see Remark 3.5). Let j : F (X) → F (µX) be the continuous monomorphism extending the embedding X → µX. By virtue of Fact 1.3, j is a topological embedding.
is a dense subgroup of F (µX), no countable subset of X can have an accumulation point in µX \ X, i.e., X is ω-closed in µX.
(c) ⇒ (a) Assume that X is ω-closed in µX. To prove ω-completeness of F (X), it suffices to show that every countable subset of F (X) is contained in a (closed) complete subgroup of F (X). Let S ⊆ F (X) be countable. Denote by K the closure of supp(S) in µX. Since supp(S) is countable and X is ω-closed in µX, we conclude that K is a closed subset of X. Therefore,
Since µX is Dieudonné-complete, it is homeomorphic to a closed P -embedded subspace of a product Π of metrizable spaces. Indeed, denote by P the family of all bounded continuous pseudometrics on the µX. 
Recall that a subset
Let us turn to free topological groups.
Proof. Apply Lemma 3.8 and Proposition 3.9. ✷
It is important to note that the proof of the Theorem 3.6 makes no recourse of the rather delicate question about completeness of the group F (µX), so it does not depend on [29] . In view of Proposition 3.1, completeness of F (µX) would immediately imply ω-completeness of F (X) whenever X is ω-closed in µX. Analogous argument applies to k-completeness and b-completeness. However, these concepts coincide as the proposition below shows.
Proposition 3.11. Every k-complete topological group is b-complete and vice versa.
Proof. Clearly, a b-complete topological group is k-complete. Suppose that G is a kcomplete group, and let K be a functionally bounded subset of the completion G of G. Then K is precompact in G (Lemma 2.1), and hence the closure of K in G is compact. In other words, the group G is a µ-space. Therefore, Lemma 3.8 implies that G is b-closed in G, i.e., G is b-complete. ✷ Combining Proposition 3.11 and Lemma 3.8 we deduce the equivalence of conditions (a)-(d) in the theorem below. 
Proof. The equivalence of (a) and (b) is clear (see Lemma 3.8). is compact and L ⊆ G(B, µX) . The subgroup G(B, µX) of G(µX) is topologically isomorphic to G(B) by Corollary 3.4 and hence is complete (Fact 1.1) . In particular, G(B, µX) is closed in H . Since X is k-closed in µX, the intersection A = X ∩ B is closed in B, hence compact. Therefore, G(A, µX) is closed in G(B, µX) and in To finish the proof, it remains to note that every subset of G is k-closed in G. This follows from the fact that all compact subsets of G are finite. Suppose the contrary, let K be an infinite compact subset of G. Then K is not scattered, i.e., K contains an infinite closed subset B without isolated points. Indeed, every infinite scattered compact space contains a non-trivial convergent sequence [15] , while G does not. Let f : B → [0, 1] be a continuous onto mapping [28] . Since B is compact, there exists a closed subset C of B such that f (C) = [0, 1] and the restriction of f to C is irreducible [12, 3.1.C]. Then C is separable, but |C| |[0, 1]| = c. Now apply (2) to conclude that a countable dense subset S of C generates a closed countable subgroup S of G, so that the closure of S in G and in C is countable, a contradiction. ✷ Finally, we present a series of examples that permit us to distinguish between different types of weak completeness in topological groups. We start with an example showing that neither k-completeness nor ω-completeness (nor the conjunction of them) implies completeness.
Example 3.14. There exists a non-complete topological group which is simultaneously ω-complete and k-complete.
Proof. Let G be the direct sum of ℵ 1 copies of the discrete group Z(2) = {0, 1} endowed with the ℵ 0 -box topology. Then G is complete and contains a proper dense subgroup H
Proof. Let X be any ω-bounded non-compact space. Then the free Abelian topological group A(X) is ω-complete by Corollary 3.7. On the other hand, A(X) is topologically isomorphic to the proper dense subgroup A(X, βX) of the group A(βX) (Fact 1.3), whence it readily follows that A(X) is not k-complete.
Another way to obtain an ω-complete topological group which is not k-complete is to consider a Σ-product of τ > ω copies of the circle group T with the topology inherited from T τ . ✷ It remains to present a counterexample to the implication "k-complete ⇒ ω-complete". Proof. Denote by T the usual interval topology of the rationals Q. By [10] , there exists a strictly finer regular topology τ on Q such that the space X = (Q, τ ) is dense in itself and does not contain non-trivial convergent sequences. From the choice of τ it follows that the space X is Dieudonné-complete [12, 8.5.13(g) ]. Therefore, the free Abelian topological group A(X) is complete [32] . We claim that every compact subset of A(X) is finite. Suppose the contrary, let K be an infinite compact subset of A(X). By Lemma 2.4, L = supp(K) is functionally bounded in X and K ⊆ A n (L, X) for some n ∈ N + . In particular, L is infinite. Since X is Dieudonné-complete, hence a µ-space, the closure of L in X is compact. However, every countably infinite compact space contains non-trivial convergent sequences, which contradicts the choice of the topology τ on Q. This proves our claim.
Let 
Sequential completeness of free topological groups
The main result of this section is that the property of being a sequentially closed subspace is also stable with respect to the functor of taking the free (Abelian) topological group.
Theorem 4.1. Let X be a sequentially closed subspace of a space Y . Then the subgroup G(X, Y ) of G(Y ) generated by X is sequentially closed in G(Y ).
Our proof of Theorem 4.1 depends on several auxiliary results. Let us first introduce the notion of a scheme which plays an important role in our approach. Suppose that A is a subset of ω such that |A| = 2n for some positive integer n. Roughly speaking, a scheme for A is a partition of A into n doubletons {a i , b i } (a i < b i ) such that the intervals [a i , b i ] are either pairwise disjoint or one included into the other, but never overlap. In more precise terms, a scheme for A is a bijection ϕ : A → A satisfying the following two conditions: (S1) if i ∈ A and ϕ(i) = j , then j = i and ϕ(j ) = i (i.e., ϕ is an involution without fixed points); (S2) there are no i, j ∈ A such that i < ϕ(j) < ϕ(i) < j. The following lemma follows from the definition of a scheme by a straightforward induction argument.
Lemma 4.2.
Let ϕ be a scheme for {1, 2, . . ., 2n − 1, 2n} for some n ∈ N + . Then there exists i < 2n such that ϕ(i) = i + 1. 
Now we define the subgroup F * (Y ) of F (Y ) by
F * (Y ) = x ε 1 1 . . . x ε 2n 2n ∈ F (Y ): n ∈ N + , x 1 , . . . , x 2n ∈ Y, 2n i=1 ε i = 0 .
It is easy to see that F * (Y ) is the kernel of the homomorphism f : F (Y )
→
Finally, we define the functiond on F
for all g, h ∈ F * (Y ). We leave to the reader the straightforward verification of the following fact (see also [31] ):
Lemma 4.3. For every pseudometric d on Y , the functiond defined by (1) is the maximal invariant pseudometric on F * (Y ) such thatd(x · y −1 , e) = d(x, y) for all x, y ∈ Y . Therefore,d coincides with Graev's extension of d over F * (Y ).
Lemma 4.4. Let U be a neighborhood of the identity in the free topological group F (Y ).
Then there exists a continuous pseudometric d on Y such that d(x, y) < 1 implies that
Proof. Denote by W the bilateral uniformity of the group F (Y ) the standard base of which consists of the sets 
Lemma 4.6. Let n 1 be an integer and {g
where x j,k ∈ Y for all j 2n and k ∈ ω. Then one can find an infinite set A ⊆ ω, an integer i < 2n and ε = ±1 such that ε i,k = ε = −ε i+1,k for each k ∈ A and the sequence
Proof. Suppose that the claim of the lemma is false for the sequence {g k : k ∈ ω}. In 2n steps we can define an infinite set A 0 ⊆ ω and numbers ε 1 , . . . , ε 2n ∈ {1, −1} such that ε i,k = ε i for all k ∈ A 0 and i 2n. Therefore, 
Proof. Since the set
Indeed, for every g ∈ M there exists x ∈ C such that g ∈ x · U . Therefore,
Thus, the sequence {a k · c k : k ∈ ω} converges to e as a product of two sequences converging to e. ✷ 
, we conclude that y r+1 , . . . , y m ∈ X. It remains to show that y 1 , . . . , y r ∈ X. Note that if m + p = 2n (i.e., if r = m), we have h * = h, h * = e and h k = h k for each k ∈ A * . In any case, the equalities h k = h k · h * and g k = h k · h −1 * hold for all k ∈ A * . The rest of the proof splits into two steps.
If i, j 2n and π(i) = j , we will say that the letters x i,k and x j,k are connected in the word g k . Let us show that for every k ∈ A * , all letters of h −1 * in the word g k are connected with letters of h k (note that the scheme π is the same for all words g k , k ∈ A * ). To this end, we consequently delete all connected pairs of letters in h k (each time deleting a pair of letters that become adjacent after preceding cancellations), and denote by h * k the resulting word for every k ∈ A * . Then Lemma 4.7 implies that g * k = h * k · h −1 * → e. The corresponding reduced scheme π * is the same for all words g * k and it connects the letters of h * k for no k ∈ A * . Therefore, all letters of h * k are connected with letters of h −1 * , and hence l(h * k ) l(h * ). Clearly, all words h * k have the same length, say q, whence q r. On the other hand, since h * k → h * and {h * k : k ∈ A * } ⊆ F q (Y ), the element h * also belongs to F q (Y ), i.e., r q. We conclude, therefore, that q = r. This means, in particular, that there are no connected letters in h −1 * . To prove that h ∈ F (X, Y ), we fix an arbitrary integer j with 1 j r and argue to show that y j ∈ X. Put i = 2n − j + 1. Then y j = x i,k for all k ∈ A * . By definition of π , the sequence {y j · x −1 π(i),k : k ∈ A * } converges to e. From the above argument it follows that x π(i),k ∈ X for each k ∈ A * , and we conclude that the sequence {x π(i),k : k ∈ A * } ⊆ X converges to y j . This yields y j ∈ X because X is sequentially closed in Y . Since y r+1 , . . . , y m ∈ X, all letters of the word h belong to X, thus finishing the proof of the theorem for F (Y ) .
The case G(Y ) = A(Y ) requires several changes in our strategy from the very beginning. Primarily, we have to change the notion of a scheme. Suppose that I is a finite subset of ω such that |I | = 2n for some n 1. We say that a mapping ϕ : I → I is a weak (or Abelian) scheme for I if ϕ(i) = j implies that j = i and ϕ(j ) = i for each i ∈ I . In other words, ϕ is an involution without fixed points. Clearly, every scheme is a weak scheme, but not vice versa. Let us define
The next step is to define the extensiond over A * (Y ) of a metric d defined on Y . Let S w n be the family of all weak schemes on the set I n = {1, . . ., 2n} for some n 1. If (Facts 1.1(a) and 1.3) and apply Corollary 4.9. The same argument works in the case of A(X). ✷ The above corollary is not valid for pseudocompact spaces (see Example 4.15) . In addition, a pseudocompact (locally compact) space X need not be countably compact even if the groups F (X) and A(X) are sequentially complete: Example 4.11. There exists a pseudocompact locally compact space X such that the groups F (X) and A(X) are sequentially complete, but X is not countably compact.
Proof. Identify F (X) with the dense subgroup F (X, βX) of the complete group F (βX)
Proof. Choose an infinite discrete subset D of the remainder βω \ ω in the Stone-Čech compactification βω of the discrete set ω and put Y = cl βω D \ D. Note that Y is a closed nowhere dense subset of βω \ ω. Then the subspace X = βω \ Y of βω is as required. Indeed, X is dense and open in βω and ω ⊆ X, whence it follows that βX = βω. The space X is pseudocompact due to the fact that every infinite subset of ω has an accumulation point in X. All accumulation points of D ⊆ X in βω are outside of X, so that X is not countably compact. It remains to note that X is sequentially closed in βX = βω, and hence Facts 1.1, 1.3 and Theorem 4.1 imply that the groups F (X) ∼ = F (X, βX) and A(X) ∼ = A(X, βX) are sequentially complete. ✷ In fact, the class of spaces X for which the groups F (X) and A(X) are sequentially complete is considerably wider than the class of countably compact spaces. We characterize the former class in Theorem 4.13 which requires the following simple lemma.
Lemma 4.12. A space X is sequentially closed in βX iff X is sequentially closed in µX.
Proof. Since X → µX → βX, it suffices to show that sequential closedness of X in µX implies sequential closedness of X in βX. Assume the contrary and choose a countably infinite subset S of X which converges to a point x ∈ βX \ µX. Then S is not functionally bounded in µX. Indeed, otherwise the closure of S in µX would be compact, thus contradicting the convergence of S to x ∈ βX \ µX. So, there exists an infinite discrete family {U n : n ∈ ω} of open sets in X such that U n ∩ S = ∅ for each n ∈ ω. Choose a point x n ∈ U n ∩ S and put T = {x n : n ∈ ω}. Then T is C-embedded in X. Let T = T 0 ∪ T 1 be a partition of T into two infinite disjoint parts. There exists a continuous function f : 
Proof. Let G(X) be any of the groups F (X) or A(X).
Suppose that G(X) is sequentially complete. By Fact 1.3, the group G(X) is topologically isomorphic to the subgroup G(X, µX) of G(µX), and this isomorphism is the extension of the natural embeddings X → µX → G(µX). Therefore, no sequence from X can converge to a point of µX \ X, i.e., X is sequentially closed in µX and in βX (Lemma 4.12). The converse implication is more complicated. Suppose that X is sequentially closed in βX. As above, we can identify G(X) with the subgroup G(X, µX) of G(µX). It suffices to show that G(X, µX) is sequentially closed in the completion H of G(µX). Let S ⊆ G(X, µX) be a sequence converging to a point h ∈ H . Then the set S ∪ {h} is compact in H , so that S is precompact in G(X, µX). From Lemma 2.4 it follows that L = supp(S) is functionally bounded in X. In its turn, this implies that K = cl µX L is a compact subset of µX, and hence G(K) ∼ = G(K, µX) is a complete topological group by Fact 1.1(a) .
Since X is sequentially closed in βX, Theorem 4.1 implies that G(X, µX) is sequentially closed in G(µX), whence it follows that h ∈ G(X, µX). This proves sequential closedness of G(X, µX) in H , so that G(X) is sequentially complete. ✷ We show below that sequential completeness does not imply either ω-completeness or k-completeness. Example 4.14. There exists a countably compact space X such that F (X) is sequentially complete, but neither ω-complete nor k-complete.
Proof. Consider the space X = βω \ {p}, where p ∈ βω \ ω. Since X is countably compact, the free topological group F (X) is sequentially complete by Corollary 4.10. On the other hand, F (X) is topologically isomorphic to the dense subgroup F (X, βX) of F (βX) (Fact 1.3) and X is not ω-closed in βX = µX = βω, so Theorem 3.6 implies that F (X) fails to be ω-complete. Finally, apply Theorem 3.12 to conclude that F (X) is not k-complete. ✷ We finish this section with an example showing that the absence of non-trivial convergent sequences in a pseudocompact space X does not imply sequential completeness of the free Abelian topological group A(X). Note that the space X in the example below cannot be countably compact in view of Corollary 4.10.
Example 4.15. There exists a pseudocompact space X without non-trivial convergent sequences such that the groups A(X) and F (X) are not sequentially complete.
Proof. Let us consider a dense pseudocompact subspace X of I c all countable subsets of which are closed (see [27] ). Since we need to work with this space, a brief description of the space X follows. Let c = α<c A α be a partition of c into c pairwise disjoint subsets, each of size c. Enumerate the points of the set F = {I C : C ⊆ c, |C| ℵ 0 }, say F = {x α : α < c}. For every x ∈ F , denote by supp(x) the countable subset of c such that x ∈ I supp(x) . We define a point y α ∈ I c for every α < c as follows:
Let X = {y α : α < c}. One easily verifies that X is as required (for more details, see [27] ). Fix an ordinal ν * < c. For every n ∈ ω, consider the point z n = 1/(n + 1) of I {ν * } and denote by γ n the ordinal in c such that z n = x γ n . Let also z ∈ I c be the point all coordinates of which are equal to 0. Clearly, z / ∈ X. Let us show that the sequence {y γ n : n ∈ ω} converges to z. Take Since X is a dense pseudocompact subspace of I c , we conclude that βX = I c [12] . Therefore, the subgroup A(X, βX) of A(βX) = A(I c ) contains a sequence converging to the point z ∈ βX \ X ⊆ A(βX) \ A(X, βX). Since the groups A(X, βX) and A(X) are topologically isomorphic (Fact 1.3), A(X) is not sequentially complete. The same argument applies to the group F (X). ✷ This example shows that a space X need not contain non-trivial convergent sequences even if the group F (X) contains non-trivial convergent sequences (note that a topological group without non-trivial convergent sequences is necessarily sequentially complete [7] , while F (X) is not sequentially complete in our case). This answers negatively [24, Question 3.11] . The first example of this phenomenon was found by Tkachuk in [37] . A characterization of the spaces X such that F (X) contains non-trivial convergent sequences is given in [11] .
Sequential completeness of free precompact topological groups
Denote by PA the variety of all precompact Abelian topological groups. The main result of the section is the following characterization of the spaces X for which the free precompact Abelian group F (X, PA) on X is sequentially complete. The proof of this result makes use of Theorem 4.13, but the main difficulty here is in considering sequences {g n : n ∈ ω} ⊆ F (X, PA) such that l(g n ) → ∞. We will start with two auxiliary results. Given an element t of an Abelian group G and a subset A ⊆ Z, we put At = {nt: n ∈ A}. Lemma 5.2. Let A be an infinite subset of Z. Then the set of all t ∈ T such that At = T is dense in T.
Proof. For an arbitrary nonempty open subset U of T, we will find an element t ∈ U such that At = T. Let {s k : k ∈ N + } be a dense subset of T. It suffices to choose an element t ∈ U satisfying the condition for every k ∈ N + , there exists n ∈ A such that |s k − nt| 1/k.
Denote by I 1 a non-trivial closed connected arc lying in U . Let l 1 be the length of I 1 . There exists n 1 ∈ A such that n 1 l 1 1, and hence n 1 I 1 = T (we assume that the length of the circle T is equal to 1). Suppose that we have defined a decreasing sequence I 1 ⊇ · · · ⊇ I k of non-trivial connected arcs in T such that the length of I i is less than or equal to 1/i for each i k. There exists n k ∈ A such that n k l k 1, so that n k I k = T. Pick a point x k in I k such that n k x k = s k and choose a non-trivial closed connected arc I k+1
Since diam(I k ) 1/k for each k ∈ N + , the intersection Proof. Since the variety of precompact Abelian groups is generated by the circle group T, it suffices to show that for every continuous homomorphism ϕ : F (X, PA) → T there exists a continuous homomorphism ψ : F (βX, PA) → T such that ϕ = ψ • j . Since the circle T is compact, the restriction f = ϕ| X extends to a continuous function g : βX → T. Denote by ψ the extension of g to a homomorphism of F (βX, PA) to T. Then ψ is continuous and satisfies the equality ϕ = ψ • j as required. ✷ Proof of Theorem 5.1. Suppose that the group F (X, PA) is sequentially complete. Since F (X, PA) is topologically isomorphic to the subgroup of F (βX, PA) generated by X (Lemma 5.3) and X → βX → F (βX, PA), we conclude that X is sequentially closed in βX.
The converse will be proved in several steps. Let X be sequentially closed in βX. Denote by G the group F (X, PA) and for every n ∈ ω, consider the subspace G n = F n (X, PA) of G which consists of all words of length less than or equal to n with respect to the basis X. Note that G n is closed in G for each n ∈ ω. Indeed, the natural monomorphism of G = F (X, PA) to F (βX, PA) is a topological embedding (Lemma 5.3), and identifying G with its image in F (βX, PA), we have F n (βX, PA) ∩ G = G n . Since F n (βX, PA) is compact (hence closed), its intersection with G is closed in G.
Let A(βX) be the free Abelian topological group on βX and ϕ : A(βX) → F (βX, PA) be the continuous isomorphism extending the identity mapping id βX . For every n ∈ ω, A n (βX) is a compact subspace of A(βX), so the restriction of ϕ to A n (βX) is a homeomorphism between A n (βX) and F n (βX, PA). By Theorem 4.1, A(X, βX) is sequentially closed in A(βX), and hence A(X, βX) ∩ A n (βX) is sequentially closed in A n (βX). This immediately implies that G n is sequentially closed in F n (βX, PA) for each n ∈ ω. Let G be the completion of G. Clearly, F (X, PA) → F (βX, PA) → G, and since F n (βX, PA) is compact, we conclude that G n is sequentially closed in G for each n ∈ ω.
Let S = {g n : n ∈ ω} ⊆ G be a sequence. If the intersection S n = S ∩ G n is infinite for some n ∈ ω, then the sequential closure of S n in G is contained in G n , and hence S cannot converge to a point of G \ G. We assume, therefore, that S ∩ G n is finite for each n ∈ ω. Our aim is to verify that S cannot converge to any point of G. To this end, it suffices to establish the following fact.
Claim. Let S ⊆ F (X, PA) be a countably infinite set such that S ∩ F n (X, PA) is finite for each n ∈ ω. Then there exists a continuous function f :
Indeed, if f is such a mapping, then the homomorphismf is continuous and hence admits a continuous extension to a homomorphism g : G → T. If S were converging to an element u of G, the image g(S) =f (S) would also converge to g(u), and hencef (S) would not be dense in T.
To prove Claim, we can additionally assume that the space X is compact metric. Indeed, suppose that S is as in Claim. Put K = supp(S). There exists a continuous mapping p : βX → Y onto a compact metric space Y such that the restriction of p to K is oneto-one (actually, one can take Y = I, see Lemma 2.3(a)). Letp : F (βX, PA) → F (Y, PA) be the continuous homomorphism extending p. Thenp(S) ∩ F n (Y, PA) is finite for each n ∈ ω. If Claim is valid for the compact metric space Y , then there exists a continuous function h : Y → T such that the imageĥ(p(S)) is dense in T, whereĥ : F (Y, PA) → T is the homomorphism which extends h. Clearly, the mapping f = h • p| X : X → T is as required.
So, let X be compact metric, and suppose that S = {g n : n ∈ ω} is a sequence in G = F (X, PA) such that S ∩ G n is finite for each n ∈ ω. Then we can write g n = k n,1 x n,1 + · · · + k n,p n x n,p n , where k n,i ∈ Z \ {0} and x n,i ∈ X, x n,i = x n,j if i = j , n ∈ ω (from now on we use the additive notation for the group operation in F (X, PA)). Since S ∩ G n is finite for each n ∈ ω, the sums l(g n ) = i p n |k n,i | tend to infinity. Put
Then F is a nonempty closed subset of X and every open set U in X with U ∩ F = ∅ contains points x n,i for infinitely many n ∈ ω. If U is such an open set and n ∈ ω, we put M n (U ) = |k n,i |: i p n and x n,i ∈ U .
(a) There exists an infinite subset C ⊆ B such that the sequence {|k n,1 |: n ∈ C} is bounded. Then choose an infinite subset D of C and N ∈ Z \ {0} such that k n,1 = N for all n ∈ D. For every n ∈ D, put h n = g n − k n,1 a. Then a / ∈ supp(h n ) for all n ∈ D, and the sequence {M n (U ): n ∈ D} defined with the use of elements h n instead of g n is unbounded for every neighborhood U of a in X because the differences between the corresponding elements of the new sequence and the old one are all equal to N . According to Case I, there exists a continuous function f : X → T such that the setf (S ) is dense in T, where S = {h n : n ∈ D}. However,f (g n ) =f (h n ) + Nf (a) for each n ∈ D, so that the set {f (g n ): n ∈ D} is a translate of {f (h n ): n ∈ D} and hence is dense in T. Clearly,f (S) is also dense in T.
(b) The sequence {|k n,1 |: n ∈ B} tends to infinity. For every n ∈ B and every neighborhood U of a in X, put N n (U ) = |k n,j |: 1 < j p n and x n,i ∈ U .
It remains to consider two subcases.
(b1) The sequence {N n (U ): n ∈ B} is unbounded for every neighborhood U of a in X. In this case we consider the elements h n = g n − k n,1 a, n ∈ B. Then a / ∈ supp(h n ) for each n ∈ B. In addition, N n (U ) coincides with the number M n (U ) calculated for h n instead of g n , n ∈ B. Apply the assertion proved in Case I to the sequence {h n : n ∈ B} and find a continuous function f : X → T such that f (a) = 0 and {f (h n ): n ∈ B} is dense in T. Then f (g n ) =f (h n ) for each n ∈ B, so that the set {f (g n ): n ∈ B} is also dense in T.
(b2) There exist an integer N ∈ ω and an open neighborhood U of a in X such that N n (U ) N for all n ∈ B. This implies that |U ∩ supp(g n )| N + 1 for each n ∈ B. If one can find an open neighborhood V ⊆ U of a in X and an infinite subset C of B such that V ∩(supp(g n )\{a}) = ∅ for all n ∈ C, then the rest of the proof is simple: apply Lemma 5.2 to choose an element t ∈ T such that the set {k n,1 t: n ∈ C} is dense in T and define the function f : X → T by f (a) = t and f (x) = 0 for all x ∈ X \ V . Clearly,f (g n ) = k n,1 t for each n ∈ C, and hence the imagef (S) ⊇ {f (g n ): n ∈ C} is dense in T.
It remains to assume that the point a belongs to the closure of the union {supp(g n ) \ {a}: n ∈ C} for every infinite subset C of B. Clearly, for every neighborhood V of a in X lying in U there exist an integer m V 2 and an infinite subset C V ⊆ B such that |V ∩ supp(g n )| = m V for each n ∈ C V . Let m be the minimal possible among the numbers m V and let V , C be the corresponding neighborhood of a and infinite subset of B, respectively. For every n ∈ C, put R n = (V ∩ supp(g n )) \ {a}. We claim that the sequence P = {R n : n ∈ C} converges to a, i.e., every neighborhood O of a in X contains almost all elements of P . Indeed, otherwise there exists a neighborhood O ⊆ V of a such R n \ O = ∅ for infinitely many n ∈ C, and hence we can find an infinite subset D of C and a positive integer m < m such that |O ∩ supp(g n )| = m for all n ∈ D, thus contradicting the choice of m.
By definition of C, we have R n = {x n,i n1 , . . . , x n,i nm }, where 1 < i n1 < · · · < i nm p n for each n ∈ C. Since C is infinite and |k n,i nj | N for all n ∈ C and j m, there exist an infinite subset D of C and integers k 1 , . . . , k m such that k n,i nj = k j for all n ∈ D and j m.
Choose an open neighborhood W of a in X such that W ⊆ V . By Lemma 5.2, there exists t ∈ T such that the set {k n,1 t: n ∈ D} is dense in T. Let f : X → T be a continuous function such that f (x) = t if x ∈ W and f (x) = 0 if x ∈ X \V . Extend f to the continuous homomorphismf : F (X, PA) → T and note thatf (g n ) = s + k n,1 t for almost all n ∈ D, where s = (k 1 + · · · + k m )t. Therefore, the set {f (g n ): n ∈ D} is also dense in T. In its turn, this implies thatf (S) ⊇ {f (g n ): n ∈ D} is dense in T as required.
We have thus proved the claim and the theorem. ✷ Corollary 5.4. The free topological group F (X, PA) is sequentially complete for every µ-space X.
Proof.
A µ-space X is sequentially closed in βX. Indeed, if there were a sequence S = {x n : n ∈ ω} ⊆ X converging to a point x * ∈ βX \ X, then the set S would be functionally bounded in X, and hence its closure in S in X would be compact, contradicting the convergence x n → x * . Now Theorem 5.1 implies the conclusion. ✷ By Theorem 5.1, the free precompact Abelian group F (X, PA) is sequentially complete iff X is sequentially closed in βX. This gives rise to the following problem: Question 6.3. Suppose that X is sequentially closed in βX. Is then the free precompact group F (X, P) sequentially complete?
